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Abstract—We introduce a new approach to spectral spar-
sification that approximates the quadratic form of the pseu-
doinverse of a graph Laplacian restricted to a subspace. We
show that sparsifiers with a near-linear number of edges in
the dimension of the subspace exist. Qur setting generalizes
that of Schur complement sparsifiers. Our approach produces
sparsifiers by sampling a uniformly random spanning tree of
the input graph and using that tree to guide an edge elimination
procedure that contracts, deletes, and reweights edges. In the
context of Schur complement sparsifiers, our approach has
two benefits over prior work. First, it produces a sparsifier in
almost-linear time with no runtime dependence on the desired
error. We directly exploit this to compute approximate effective
resistances for a small set of vertex pairs in faster time than
prior work (Durfee-Kyng-Peebles-Rao-Sachdeva *17). Secondly,
it yields sparsifiers that are reweighted minors of the input
graph. As a result, we give a near-optimal answer to a variant
of the Steiner point removal problem.

A Kkey ingredient of our algorithm is a subroutine of
independent interest: a near-linear time algorithm that, given
a chosen set of vertices, builds a data structure from which we
can query a multiplicative approximation to the decrease in
the effective resistance between two vertices after identifying
all vertices in the chosen set to a single vertex with inverse
polynomial additional additive error in near-constant time.
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I. INTRODUCTION

Graph sparsification has had a number of applications
throughout algorithms and theoretical computer science. In
this work, we loosen the requirements of spectral sparsifica-
tion and show that this loosening enables us to obtain spar-
sifiers with fewer edges. Specifically, instead of requiring
that the Laplacian pseudoinverse quadratic form is approx-
imated for every vector, we just require that the sparsifier
approximates the Laplacian pseudoinverse quadratic form on
a subspace:

Definition 1.1 (Spectral subspace sparsifiers). Consider a
weighted graph G, a vector space S C RV that is
orthogonal to 1Y%, and ¢ € (0,1). For a minor H
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of G with contraction map ¢ : V(G) — V(H), let
P ¢ RVUXV(C) be a matrix with P,, = 1[u = ¢(v)]
for all w € V(H),v € V(Q). A reweighted minor H of G
is a called an (S, ¢€)-spectral subspace sparsifier if for all
vectors x € S,

(1—ea'Lir <ahLizg < (1+ e’ Lix
where T := Px.

[KMST10] also considers a form of specific form of
subspace sparsification related to controlling the k& smallest
eigenvalues of a spectral sparsifier for S = RV (%), When
S is the dimension |S| — 1 subspace of RIS! x 0"~15] that
is orthogonal to 1V a (S, €)-spectral subspace sparsifier
is a sparsifier for the Schur complement of G restricted
to the set of vertices S. Schur complement sparsifiers
are implicitly constructed in [KS16] and [KLP*16] by an
approximate Gaussian elimination procedure and have been
used throughout spectral graph theory. For example, they
are used in algorithms for random spanning tree generation
[DKP*17], [DPPR17], approximate maximum flow [MP13],
and effective resistance computation [GHP18], [GHP17],
[DKP+17].

Unlike the existing construction of Schur complement
sparsifiers [DKP™ 17], our algorithm (a) produces a sparsifier
with vertices outside of S and (b) produces a sparsifier that
is a minor of the input graph. While (a) is a disadvantage to
our approach, it is not a problem in applications, in which the
number of edges in the sparsifier is the most relevant feature
for performance, as illustrated by our almost-optimal algo-
rithm for e-approximate effective resistance computation. (b)
is an additional benefit to our construction and connects
to the well-studied class of Steiner point removal problems
[CGH16], [EGKT14].

In the Approximate Terminal Distance Preservation prob-
lem [CGH16], one is given a graph G and a set of k vertices
S. One is asked find a reweighted minor H of G with size
poly(k) for which

de(u,v) < dg(u,v) < adg(u,v)

for all u,v € S and some small distortion o > 1. The
fact that H is a minor of G is particularly useful in the



context of planar graphs. One can equivalently phrase this
problem as a problem of finding a minor H in which
the ¢;-norm of the ¢;-minimizing flow between any two
vertices s,t € S is within an «-factor of the ¢; norm
of the ¢;-minimizing s — ¢ flow in G. The analogous
problem for /., norms is the problem of constructing a
flow sparsifier (with non-s — ¢t demands as well). Despite
much work on flow sparsifiers [Moi09], [LM10], [CLLM10],
[MM10], [EGK*14], [Chul2], [AGK14], [RST14], it is still
not known whether o« = (1 + €)-flow sparsifiers with size
poly(k, 1/¢) exist, even when the sparsifier is not a minor
of the original graph.

A. Our Results

Our main result is the following:

Theorem 1.2. Consider a weighted graph G, a d-
dimensional vector space S C RV(%), and € € (0,1). Then
a (8, €)-spectral subspace sparsifier for G with O (%)
edges exists.

When S is the maximal subspace of R x 0V (NS

orthogonal to 1Y% for some set of vertices S C V(G),
(S, €)-spectral subspace sparsifiers satisfy the same approx-
imation guarantee as Schur complement sparsifiers. The
approximation guarantee of a spectral subspace sparsifier H
of G is equivalent to saying that for any demand vector
d € S, the energy of the /y-minimizing flow for d in
H is within a (1 4 €) factor of the energy for the /(-
minimizing flow for d in G. This yields an near-optimal (up
to a log d factor) answer to the (1 + €)-approximate Steiner
vertex removal problem for the 5 norm. The /5 version is
substantially different from the ¢; problem, in which there do
not exist o(k?)-size minors that 2-approximate all terminal
distances [CGH16].

Unlike Schur complement sparsifiers, (R®,¢)-spectral
subspace sparsifiers may contain “Steiner nodes;” i.e. ver-
tices outside of S. This is generally not relevant in applica-
tions, as illustrated by Corollary 1.5. Allowing Steiner nodes
allows us to obtain sparsifiers with fewer edges, which in
turn allows us to obtain faster constructions. Specifically, we
show the following result:

Theorem L.3. Consider a weighted graph G, a set of
vertices S C V(G), and € € (0,1). Let T;st(G) denote
the time it takes to generate a random spanning tree from a
distribution with total variation distance at most 1/m*° from
the uniform distribution. Then a (RS x 0V O\ ¢)-spectral

subspace sparsifier for G with min(m, O |S\’%2g(") )
edges can be constructed in T,.st(G) + O(mpolylog(n)) <
m*+oW time,

This sparsifier has as many edges as the Schur comple-
ment sparsifier given in [DKP*17]. Our runtime of m!+o(!)
improves on their O(m + n/e?) runtime for subconstant

values of €. An important ingredient in our construction is
a subroutine for multiplicatively approximating changes in
effective resistances due to certain modifications of G. In
this work, we call the following subroutine with §o = ©(1)
and ¢; = 1/poly(n):

Lemma 14. Consider a weighted graph G, a set
of vertices S C V(G), and 069,61 € (0,1).
There is an O(mpolylog(n)log(m/81)/63)-time algorithm
DiffApx(G,S,d,01) that outputs numbers v. for all
e € E(G) with the guarantee that

bTLEb, b LG gbe
(1= Go)ve — 6; < —e—ge _ 2 7C/S

S (1 + 60)”6 + 51

Te Te
We give a proof of Lemma 1.4 in the full version. Finally,
we replace the use of Theorem 6.1 in [DKP*17] with our
Theorem 1.3 in their improvement to Johnson-Lindenstrauss
to obtain a faster algorithm:

Corollary 1.5. Consider a weighted graph G, a set of pairs
of vertices P C V(G) x V(G), and an € € (0,1). There is
an m*t°M) 1 O(|P|/€®)-time algorithm ResApx(G, P, e€)
that outputs (1 + €)-multiplicative approximations to the
quantities

T
bl LEbyy
for all pairs (u,v) € P.

This directly improves upon the algorithm in [DKPT17],
which takes O((m + (n + |P|)/€%)polylog(n))-time. This
result uses the same reduction as one given in [DKP'17]
from effective resistance computation to approximate Schur
complements, so we defer the proof of Corollary 1.5 to the
full version.

B. Technical Overview

To construct Schur complement sparsifiers, [DKP*17]
eliminates vertices one-by-one and sparsifies the cliques
resulting from those eliminations. This approach is fun-
damentally limited in that each clique sparsification takes
Q(1/€%) time in general. Furthermore, in the n + 1 vertex
star graph with n vertices vy, vs,...,v, connected to a
single vertex vy, 1, a (1+¢€)-approximate Schur complement
sparsifier without Steiner vertices for the set {vy, v, ..., v,}
must contain Q(n/€?) edges. As a result, it seems difficult
to obtain Schur complement sparsifiers in time less than
O(m + n/€?) time using vertex elimination.

Instead, we eliminate edges from a graph by contracting
or deleting them. Edge elimination has the attractive feature
that, unlike vertex elimination, it always reduces the number
of edges. Start by letting H := G. To eliminate an edge ¢
from the current graph H, sample X, ~ Ber(p.) for some
probability p. depending on e, contract e if X, = 1, and
delete e if X, = 0.



To analyze the sparsifier produced by this procedure, we
set up a matrix-valued martingale and reduce the problem
to bounding the maximum and minimum eigenvalues of
a random matrix with expectation equal to the identity
matrix. The right value for p. for preserving this matrix in
expectation turns out to be the probability that a uniformly
random spanning tree of H contains the edge e. To bound
the variance of the martingale, one can use the Sherman-
Morrison rank one update formula to bound the change in
L}LI due to contracting or deleting the edge e. When doing
this, one sees that the maximum change in eigenvalue is at
most a constant times

TL+ b 2
max ((E Lil e)

2€S romin(levy(e), 1 — levy(e))(zT Lix)

where levy(e) is the probability that e is in a uniformly

random spanning tree of H. This quantity is naturally viewed

as the quotient of two quantities:

(a) The maximum fractional energy contribution of e to any
demand vector in S’s electrical flow.

(b) The minimum of the probabilities that e is in or is not
in a uniformly random spanning tree of H.

We now make the edge elimination algorithm more spe-
cific to bound these two quantities. Quantity (a) is small
on average over all edges in e (see Proposition III.9), so
choosing the lowest-energy edge yields a good bound on
the maximum change. To get a good enough bound on
the stepwise martingale variance, it suffices to sample an
edge uniformly at random from the half of edges with
lowest energy. Quantity (b) is often not bounded away
from O, but can be made so by modifying the sampling
procedure. Instead of contracting or deleting the edge e,
start by splitting it into two parallel edges with double
the resistance or two series edges with half the resistance,
depending on whether or not levy(e) < 1/2. Then, pick
one of the halves ey, contract it with probability p,, or
delete it otherwise. This produces a graph in which the edge
e is either contracted, deleted, or reweighted. This procedure
suffices for proving our main existence result (Theorem 1.2).
This technique is similar to the technique used to prove
Lemma 1.4 of [Sch17].

While the above algorithm does take polynomial time,
it does not take almost-linear time. We can accelerate it
by batching edge eliminations together using what we call
steady oracles. The contraction/deletion/reweight decisions
for edges in H during each batch can be made by sampling
just one 1/m!%-approximate uniformly random spanning
tree, which takes m!T°() time. The main remaining dif-
ficulty is finding a large set of edges for which quantity
(a) does not change much over the course of many edge
contractions/deletions. To show the existence of such a set,
we exploit electrical flow localization [SRS17]. To find
this set, we use matrix sketching and a new primitive
for approximating the change in leverage score due to

the identification of some set of vertices S (Lemma 1.4),
which may be of independent interest. The primitive for
approximating the change works by writing the change in
an Euclidean norm, reducing the dimension by Johnson-
Lindenstrauss Lemma, and then computing the embedding
by Fast Laplacian Solvers in near-linear time.

We conclude by briefly discussing why localization is
relevant for showing that quantity (a) does not change over
the course of many iterations. The square root of the energy
contribution of an edge e to x’s electrical flow after deleting
an edge f is

xTLJI;\ sbe _ a7 L;be . (zT Libp) (F L;be)
Ve Vie  (ry =BT Lbp) /e
_ xTLEbe L 1 xTL;}bf b?LEbe
Ve 1—1levu(f) 5 TrVTe
< xTLEbe 1 ;ETLEbf‘ b?LEbe
Ve L—leva(f) | 7 ||VTrVre

by Sherman-Morrison. In particular, the new energy on e is
at most the old energy plus some multiple of the energy
on the deleted edge f. By [SRS17], the average value
of this multiplier over all edges e and f is O(%),
which means that the algorithm can do O(|E(H)|) edge
deletions/contractions without seeing the maximum energy
on edges e change by more than a factor of 2.

II. PRELIMINARIES
A. Graphs and Laplacians

For a graph G and a subset of vertices .S, let G/S denote
the graph obtained by identifying S to a single vertex s.
Specifically, for any edge e = {u,v} in G, replace each
endpoint u,v € S with s and do not change any endpoint
not in S. Then, remove all self-loops to obtain G/S.

Let G = (V(G), E(G)) be a weighted undirected graph
with n vertices, m edges, and edge weights {we}, cpq)-
The Laplacian of G is an n X n matrix given by:

—W(u,v)
Z(“;'LU)EE(G) w(u,u;) if u= v,
0 otherwise.

(LG)U,U =

We define edge resistances {re}.cp(q) by re = 1/w, for
all e € E(G).

If we orient every edge e € E(G) arbitrarily, we can
define the singed edge-vertex incidence matrix Bg by

1 if u is e’s head,
(Bg)&u = -1
0 otherwise.

if u is e’s tail,

if u# v and (u,v) € E(G),



Then we can write Lg as Lg = BgWGBg, where W is
a diagonal matrix with (Wg)e,e = we.

For vertex sets S,T C V, (Lg)gs,r denotes the submatrix
of L with row indices in S and column indices in 7.

L is always positive semidefinite, and only has one
zero eigenvalue if G is connected. For a connected graph
G, let 0 = /\1(L(;) < )\Q(Lg) < ... < /\n(L(;) be the
eigenvalues of Lq. Let uq,uo, ..., u, be the corresponding
set of orthonormal eigenvectors. Then, we can diagonalize
L¢ and write

n

Lo =Y N(La)uuy .
=2

The pseudoinverse of L is then given by

- 1
LE = ul.
¢ ; /\i(LG)u K

In the rest of the paper, we will write Ay, () to denote
the smallest eigenvalue and Apax(-) to denote the largest
eigenvalue. We will also write o« (+) to denote the largest
singular value, which is given by

Umax(A) = Amax(ATA)

for any matrix A.

B. Leverage Scores and Rank One Updates

For a graph G and an edge e € E(G), let b, € RV(%)
denote the signed indicator vector of the edge e; that is
the vector with —1 on one endpoint, 1 on the other, and O
everywhere else. Define the leverage score of e to be the
quantity
_BLéh,

levg(e) : .
e

Let di,d> € R™ be two vectors with dy,ds L 1Y) Then
the following results hold by the Sherman-Morrison rank 1
update formula:

Proposition IL.1. For a graph G and an edge f, let G\ f
denote the graph with f deleted. Then

(di LEby) (bF Lidz)
rp — 0¥ LEby

drr?,

o pdz = di LEdo +

Proposition IL.2. For a graph G and an edge f, let G/ f
denote the graph with f contracted. Then

(dF Lbs) (bF Lisdo)
bTLEby

dr'rf,

Gy pdz = di Ldo —

C. Random Spanning Trees
We use the following result on uniform random spanning
tree generation:

Theorem I1.3 (Theorem 1.2 of [Sch17]). Given a weighted
graph G with m edges, a random spanning tree T of G
can be sampled from a distribution with total variation

distance at most 1/m'° from the uniform distribution in time
ml-{—o(l).

Let T' ~ G denote the uniform distribution over spanning
trees of G. We also use the following classic result:

Theorem II4 ([Kird7]). For any edge e¢ € E(G),
PI‘TNG[G € T] = levG(e).

For an edge e € E(G), let Gle] denote a random graph
obtained by contracting e with probability levg(e) and
deleting e otherwise.

D. Some Useful Bounds and Tools

We now describe some useful bounds/tools we will need
in our algorithms. In all the following bounds, we define the
quantities Wypax and wpyi, as follows:

Wmax = Max {17 maXecE(G) 1/Te} )
Win 1= Min {1, minge (e 1/7“5} )

The following lemma bounds the range of eigenvalues for
Laplacians and SDDM matrices:

Lemma ILS. For any Laplacian Lg and S C V(G),

Xo(LG) = Winin /07, (D

Amin ((LG)s,8) > Wimin/n?, )
Amax ((La)s,s) < Amax(La) < nWmax- 3)
Proof: Defered to the full version. [ ]

The lemma below gives upper bounds on the largest
eigenvalues/singular values for some useful matrices:

Lemma I1.6. The following upper bounds on the largest
singular values/eigenvalues hold:

Umax(Wcl;/zBG) S (nwmax)1/2a (4)
Amax(SC(LGy S)) S NWmax, (5)
Umax((LG)S,T) = Umax((LG)T,S) < NWmax» (6)

where T :=V(G) \ S.

Proof: Defered to the full version. [ ]

We will need to invoke Fast Laplacian Solvers to apply the

inverse of a Laplacian of an SDDM matrix. The following

lemma characterizes the performance of Fast Laplacian
Solvers:

Lemma IL7 (Fast Laplacian Solver [ST14], [CKM™14]).
There is an algorithm & = LaplSolve(M,b,¢) which
takes a matrix M, «,, either a Laplacian or an SDDM matrix



with m nonzero entries, a vector b € R"™, and an error
parameter € > 0, and returns a vector T € R" such that

[ = 2[5 < €llzlly

holds with high probability, where |z|,, = vVaTMz,
x = M7, and M~! denotes the pseudoinverse of
M when M is a Laplacian. The algorithm runs in time

O(mpolylog(n)log(1/€)).

The following lemmas show how to bound the errors
of Fast Laplacian Solvers in terms of /5 norms, which
follows directly from the bounds on Laplacian eigenvalues
in Lemma IL.5:

Lemma I1.8. For any Laplacian Lg, vectors z,z € R"
both orthogal to 1, and real number € > 0 satifiying

e =2, <ellll,

the following statement holds:

1/2
o= al) < et (22 ) .

min

Proof: Defered to the full version. [ |

Lemma I1.9. For any Laplacian Lg, S C V, vectors x, % €
RISl and real number € > 0 satifiying

lz =2y < el

where M := (Lg)s,s, the following statement holds:

1/2
o= all < ent® (2] .
Wmin

Proof: Defered to the full version. ]

When computing the changes in effective resistances due

to the identification of a given vertex set (i.e. merging

vertices in that set and deleting any self loops formed),

we will need to use Johnson-Lindenstrauss lemma to reduce
dimensions:

Lemma IL10 (Johnson-Lindenstrauss Lemma [JL84],
[AchO1]). Let v1,vo,...,v, € R? be fixed vectors and
0 < € < 1 be a real number. Let k be a positive integer such
that k > 24logn/€? and Qpxq be a random +1 matrix.
With high probability, the following statement holds for any
1<4,5<n:

(1= ) loi = vlI* < 11Qus — Quj|I* < (1 + € [|v — 5|

We will also need to use Schur complements to explicitly
write the changes in effective resistances when identifying
a vertex set. We give the following definition of Schur
complements:

Definition I1.11 (Schur Complements). The Schur comple-
ment of a graph G onto a subset of vertices S C V(G),
denoted by SC(G,S) or SC(Lg, S), is defined as

SC(Lg,S) = (La)s.s — (La)sr(Le)rr(Le)rs,

where T :=V(G) \ S.

The fact below relates Schur complements to the inverse
of graph Laplacian:

Fact I1.12 (see, e.g., Fact 5.4 in [DKP*17]). For any graph
G and S C V(G),

(1 - ;J) (LE)s s (1 - |;|J) = (5C(La,9))*,

where I denotes the identity matrix, and J denotes the
matrix whose entries are all 1.

III. EXISTENCE OF SPARSIFIERS

In this section, we reduce the construction of spectral
subspace sparsifiers to an oracle that outputs edges that
have low energy with respect to every demand vector in the
chosen subspace S. We prove it by splitting and conditioning
on edges being present in a uniformly random spanning tree
one-by-one until O(d/e?) edges are left. This construction is
a high-dimensional generalization of the construction given
in Section 10.1 of [Sch17]. We use the following matrix
concentration inequality:

Theorem III.1 (Matrix Freedman Inequality applied to
symmetric matrices [Troll]). Consider a matrix martin-
gale (Yi)r>0 whose values are symmetric matrices with
dimension s, and let (Xy)p>1 be the difference sequence
Xy =Yy — Yi_1. Assume that the difference sequence is
uniformly bounded in the sense that

Amax(Xk) S R

almost surely for k > 1. Define the predictable quadratic
variation process of the martingale:

k
Wi i= Y E[X?[Y;1]

J=1

Then, for all t > 0 and o2 > 0,

Pr[3k > 0 Apax (Vi — Yo) > t and Apax(Wi) < 7]

—t2/2
S5O\ o 3

Now, we give an algorithm
SubspaceSparsifier(G,S,e) that proves Theorem
I.2. The algorithm simply splits and conditions on the
edge that minimizes the martingale difference repeatedly
until there are too few edges left. For efficiency purposes,
SubspaceSparsifier(G,S,e) receives martingale-
difference-minimizing edges from a steady oracle O with
the additional guarantee that differences remain small after
many edge updates. This oracle is similar to the stable
oracles given in Section 10 of [Sch17].



Definition ITL.2 (Steady oracles). A (p, K(z))-steady oracle
is a function Z < O(1,S) that takes in a graph I and a
subspace S C RV that satisfy the following condition:

e (Leverage scores) For all e € E(I), levi(e) €

[3/16,13/16].

and outputs a set Z C E(I). Let Iy = I and for each i >
0, obtain I; by picking a uniformly random edge f;_1 € Z,
arbitrarily letting I; < I;_1 \ fi—1 or I; < I;_1/fi—1, and
letting Z <+ Z\{fi—1}. O satisfies the following guarantees
with high probability for all i < K(|E(I)]):

. (Size of Z) |Z] > |E(D|/p

o (Leverage score stability) 1evy,(f;) € [1/T8, 7+/I)8]
J;IiLIi fi

2
o (Martingale change stability) max,cs )

pdim(S)
[E(D)]

We now state the main result of this section:

Lemma IIL.3. Consider a weighted graph G, a d-
dimensional vector space S C RV, and € € (0,1).
There is an algorithm SubspaceSparsifier(G,S,e€)
that, given access to a (p, K(z))-steady-oracle O, computes
a (S, €)-spectral subspace sparsifier for G with

0 <p2d120gd)
€

edges in time

0] <(log n)( max z/K(2))(Trst + To + m))

z<|E(G)]

<O ( (logn)( max z/K(z))(m'*T°® 4+ T¢
<0 ((togm)(_mwx =/K() o)
where T.st is the time required to generate a spanning tree
of G from a distribution with total variation distance < n~19
from uniform and To is the runtime of the oracle.

The algorithm will use two simple subroutines that modify
the graph by splitting edges. Split replaces each edge with
approximate leverage score less than 1/2 with a two-edge
path and each edge with approximate leverage score greater
than 1/2 with two parallel edges. Unsplit reverses this
split for all pairs that remain in the graph. We prove the
following two results about this subroutines in the appendix:

Proposition IIL.4. There is a linear-time algorithm

(I,P) < Split(H) that, given a graph H, produces a

graph I with V(H) C V(I) and a set of pairs of edges P
with the following additional guarantees:

o (Electrical equivalence) For all x € RY() that are

supported on V(H), 2T Lz = a5 Lz p.

o (Bounded leverage scores) For all e
levy(e) € [3/16,13/16]

o (P description) Every edge in I is in exactly one pair

in ‘P. Furthermore, there is a bijection between pairs

(eg,e1) € P and edges e € E(H) for which either

€ E(),

(a) eg,e1 and e have the same endpoint pair or (b)
eo = {u,w}, e = {w,v}, and e = {u,w} for some
degree 2 vertex w.

Proposition IIL.5. There is a linear-time algorithm H <
Unsplit(I,P) that, given a graph I and a set of pairs P
of edges in I, produces a minor H with V(H) C V(I) and
the following additional guarantees:

e (Electrical equivalence) For all x € RV that are
supported on V(H), 2T Lz = 2L Lz y.
(Edges of H) There is a surjective map ¢ : E(I) —
E(H) from non-self-loop,non-leaf edges of I such that
for any pair (eg, e1) € P, ¢p(eg) = P(e1). Furthermore,
for each e € E(H), either (a) ¢~1(e) = e, (b)
¢~ 1(e) = {eo, e1}, with (eg,e1) € P and e, e1 having
the same endpoints as e or (c) ¢~ 1(e) = {eo,e1},
with (eg,e1) € P and eg = {u,w},e1 = {w,v}, and
e = {u,v} for a degree 2 vertex w.

1: function SuUBsPACESPARSIFIER(G,S,¢€)
2: Input: A weighted graph G, a vector space S C
RV, € € (0,1), and (implicitly) a (p, K (2))-steady

oracle O
3: Output: A (S, ¢)-spectral subspace sparsifier for G
: H<+—G
: while |E(H)| > 10000p?(dim(S) log(dim(S))) /€
do
(I,P) « split(H)
Z + O(I,S8)
: 7' + a uniformly random subset of Z with size
K(E(D))
9: T <+ a spanning tree of I drawn from a distri-
bution with TV distance < kg := 1/n'? from uniform
10: I’ + the graph with all edges in E(T) N Z'
contracted and all edges in Z' \ E(T) deleted
1 H + unsplit(I’,P)
12: end while

13: Return H
14: end function

We analyze the approximation guarantees of H by setting
up two families of matrix-valued martingales. In all of
the proof besides the final ‘“Proof of Theorem IIL.3,” we
sample 7' from the uniform distribution rather than from a
distribution with total variation distance k¢ from uniform.
We bound the error incurred from doing this in the final
“Proof of Lemma III.3.”

We start by defining the first family, which just consists
of one martingale. Let Hy := G and let Hy be the graph
H between iterations k and k£ + 1 of the while loop of
SubspaceSparsifier. Let d = dim(S). Since S is
orthogonal to 1V(%), dim((L})'/2S) = dim(S) = d, which
means that S has a basis {y;}&,; for which yiTLgyj =0




for all i # j € [d] and y! Ly, = 1 for all i € [d]. Let Y}
be the |V (Hj)| x d matrix with ith column (y;) g, and let
Y =Y. Let My := Y,'L}j; Y}, — YTLEY. Since the y;s
form a basis of S, there is a vector a, for which x = Ya,
for any « € S. Furthermore, zp, = Yia, for any k£ > 0. In
particular,

T
az Mkam

a3

T 7+

kaLHkak_ B
T7+ -
' Lix

so it suffices to show that Apax (M) < e for all k& < Kgpals
where kg, is the number of while loop iterations.

In order to bound the change between M} and Mj. 1,
we introduce a second family of martingales consist-
ing of one martingale for each while loop iteration. Let
I0 := I during the kth iteration of the while loop in
SubspaceSparsifier. Generate Z' in Z during iter-
ation k of the while loop by sampling a sequence of edges
Jr05 et fe k(| E(D))—1 Without replacement from Z.
Let Ity = Ipu—1[fri—1] for all ¢ > 0. For a vector
v € RV, let v, € RVUro) be the vector with
V10(p) = v, (p) for p € V(Hy) and vy, ,(p) = 0 for
p € V(Ixo) \ V(Hg). For t > 0 and v € RV(%) Jet
vr,,., = (V1)1 - Let Y ¢ be the |V (1) +)| x d matrix with
ith column (y;)z, ,. Let Ny := YlgthItc,,,Yk,t - YTLZ,Y.
For any z € S, ¢t > 0, and k£ > 0, Tr,, = Y0z In
particular,

T +
xlk,tLIk,thkJ

Tr+
xt Lox

T
ay Ni 10y

llaz[3

Next, we write an equivalent formulation for the steady
oracle “Martingale change stability” guarantee that is easier
to analyze:

Proposition III.6.
max (xi-,tL}:,tbf)Q . b?Lz,tkatYthLz~tbf

z€S rf(xTLgx) o Ty

Proof: Notice that

(z,, L7, br)? (az Yyl LT, br)(bF Ly, Yiaz)

max = max
wes rp(aTLix)  2€S rsllaz|[3
TvT 7+ T71+
N a Yk,tle‘tbfbf L,k’tYk’ta
a€R? r¢llall3
T 7+ T71+
Yk,tLIk,tbfblek,tYht
— Amax r
f

B b"{LyMYk,tYkT’tL};mbf

rf

as desired. [ |

Now, we analyze the inner family of matrices Ny ;. Let
Zy,+ denote the set Z during iteration k of the while loop
after sampling ¢ edges without replacement.

Proposition IIL.7. Y, := Ny, for fixed k > 0 and varying
t > 0 is a matrix martingale. Furthermore, if

T +
xlk‘,,sLIk,stk=5

:ETLgJ: -
for all x € S, k > 0, and s < t for some t

0, )\rrlax(Xt+1) < Ed and Amax(E[XtQ—&-lD/t])

[E(Ik,0)]
2
%, where X, is defined based on the Ygs as

described in Theorem III.1.
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IN IV

Proof: We compute the conditional expectation of
Xiy1 = Y41 — Yy given Y, using Sherman-Morrison:

E[X;11|Y:] = E[Ni 41 — Nit|Nit
1 bi Ly by (Vi Ly, bebiLy, Yi
T 1 Zkal fezzi Ty ( bTLY by >
1 > (1 - b?LZwa> <YkT7tLZ‘tbfb?Lﬂthk7t>
| Z o] ez, Ty r§— b?L}:)tbf
=0

Therefore, (Y;):>0 is a martingale. Since I}, o is the output
of Split, all edges in I o have leverage score between
3/16 and 13/16 by Proposition IIL.4. In particular, the input
condition to O is satisfied. Furthermore,

Amax (Xi+1) < Amax(Ngt41 — Nit)
< 1 Z A YthL}:,tbfb?L}:,tYk’t
= | Zps] / A min(b?L}}c,tbf,rf - b?L}‘k,tbf)

YkT,tLZ,tbfb}PL};,tkat>

Tf

L bg)?
=8 max max — - ——
fez zes  ryp(aTLix)
T +
(xlk.tle tbf)2
< 80 max max A
f€Ziy 2€S ry(wy, L7 w1,,)

90pd

= |E(Ik0)

< 8 max Amax (

T
(CUIM

where the third inequality follows from “Leverage score
stability,” the equality follows from Proposition III.6, the
fourth inequality follows from the input condition, and the
last inequality follows from ‘“Martingale change stability.”
Also,



Amax(E[X71]Y7])
- )\max (E[(Nk,t—i-l -

256
S @)\max( Z

Nit)?[Y])

f€Zk 4
1
ﬁYthLI bbeLIk tYkatqu:tLj bbele tYk,t>
f
256d N
= W (flgzk . rfblek Y, tthle bf)

1 T
Amax X:rnﬂ@

f€ZK 1t

2560pd
< By (b, Vi)
92560pd
(TIno)] €5
25600p2d
= B(Teo)P

,tbfb}:L;rk,tYk’t

T 1+
:L.IkytLIk‘t‘rIk,t
xTLgx

where the second inequality follows from Sherman-
Morrison and “Leverage score stability,” the fourth follows
from “Martingale change stability,” and the last follows from
“Size of Z” and the input condition. [ |

Now, consider the sequence of matrices
((Ng, t)t,(‘E(I’“ ’)D) obtained by concatenating the
(Nk.t)t martmgales for each k. We now analyze this
sequence:

Proposition IIL8. The sequence of matrices (Yit)pt or-
dered lexicographically by (k,t) pairs defined by Yy :=
N+ is a matrix martingale. Furthermore, if for any k >
0,t > 0, any pairs (l,s) lexicographically smaller than
(k,t), and any x € S,

T +
'fL‘IlYSLIL le s

xTLEx -
then
90d
)\max X ! S T/ N
Kw) < BT 0]
)\max( [Xk./t/‘th]) %, and
25600p%d
>\max W S T/ T N1
We)< ) g

(1,s)<(k,t)

where (k',t') is the lexicographic successor to (k,t) and
Xy = Yy — Yie as described in Theorem I11.1.

Proof: Consider a pair (k’,t") with lexicographic pre-
decessor (k,t). If k = K/, then ¢’ = t + 1, which means
that

E[Yiry|Yit] = E[Nk t11|Nit] = Nit = Yia

5 )\max(Xk’t’) S |E(1k MK and )\max(E[X]E/t/|th]) S

% by Proposition IIL7. If k = &' —1, then ¢’ = 0. As
a result, Yy = Ny, = Mj, by the “Electrical equivalence”
guarantee of Proposition IIL.5 and Mj, = Ny v = Y by
the “Electrical equivalence” guarantee of Proposition IIL.4.
In particular, Xy, = 0 and satisfies the desired eigenvalue
bounds. The bound on A,y (Wy:) follows directly from
the stepwise bound Apax(E[X?, |Yk:]) and the definition
of Wi. |
Now, we are ready to prove Lemma III.3.
Proof of Lemma 111.3:

H a minor of G. It suffices to show that for every & > 0,
Hy 1 is a minor of Hy. I’ is a minor of I, as I is only
modified by deletion and contraction. Now, we show that
the unweighted version of Hj; can be obtained from Hj
by contracting each edge e € E(H)) with an I’-self-loop
in its pair (eg,e1) € P and deleting each edge ¢ € E(Hy)
with an ['-leaf edge in its pair. Let H;_ , be the result of
this procedure.

We show that H; , = Hjy1 without weights. We
start by showing that V(Hy,1) = V(H;,). Each vertex
v € V(Hy41) corresponds to a set of vertices in V (H,) that
were identified, as the “Edges of H” requirement ensures
that Hj4; contains no vertices that were added to Hy by
Split. Since T is a tree, each vertex v € V(Hgy1)
corresponds to a subtree of identified vertices in Hy. Since
Z only contains one edge for each pair in P, the self-loop
edges in I’ match the edges contracted to form the subtree
for v, which means that V/(Hy 1) = V(H} ). E(Hpq1) C
E(Hj, ) because for every e € E(Hyy1), ¢~ ' (e) does not
contain an I’ self-loop or leaf by the “Edges of H” and
“P description” guarantees. E(H}_ ;) C E(Hyy1) because
each e € E(H; ) does not map to a self-loop or leaf
in I’, which means that ¢~!(e) exists by surjectivity of ¢.
Therefore, Hj , = Hyy1. Since Hj_, is a minor of Hy,
Hj 14 is also a minor of Hy, as desired.

Number of edges. This follows immediately from the
while loop termination condition.

Approximation bound. Let (k.,t,) be the final mar-
tingale index pair that the while loop encounters before
termination. We start by obtaining a high-probability bound
on Wy . given that T is drawn from the exact uniform
distribution on spanning trees of /. By Proposition III.8,

3 25600p2d

W’T T S T/ T N\ 2
it |E(Ii)?

(k,t) < (k7 tr)

The process of generating I}, ;1 from I}, ; does not increase
the number of edges and decreases the number of edges by
1 with probability at least 1/8, by “Leverage score stability.”
Therefore, by Azuma’s Inequality, |E(I) ;)| < 2|E(G)| —
cr,t/8 + 10y/logn,/C; with probability at least 1 — 1/n?,
where ¢y, ; is the number of pairs that are lexicographically
less than (k,t). Therefore, as long as |E(G)| > 20logn,



which is true when n > 10000000 = ©(1),
[E(Ik1)| < 2[E(G)] — ck,e/16

with probability at least 1 — 1/n? for all pairs (k,t). This
means that

Ch. 1. < 32000000/ E(G)|

rotr
and that

32000000000p%d
|E(Ik, +,)]

with probability at least 1 — 1/d3.

Now, we apply the Matrix Freedman Inequality (Theo-
rem IIL1). Apply it to the martingale (Yj)x: to bound
Amax(Yk,t. — Yoo). By Proposition III.8 and the termi-
nation condition for the while loop, we may set R <

¢/(10logd) > %. By Theorem IIL1,

Wi,

Tl —

< €?/(101ogd)

Pr [Amax(Yi,t,) > € and Apax (Wi, ¢, ) < €2/(101log d)]

< dexp (
<1/d?

—€2/2
€2/(10log d) + €2/(301og d))

Therefore,

Pr Dmax(Yio,) > € <1/d? +1/d® < 2/d?
T uniform
Now, switch uniform spanning tree sampling to kg-
approximate random spanning tree sampling. The total num-
ber of iterations is at most m, so the total TV distance of
the joint distribution sampled throughout all iterations is at
most mkq. Therefore,

Pr [)\max(yk.,.t.,.)] < 2/d2 + mrg < 3/d2

T Ko-uniform
In particular, with probability at least 1 — 3/d?,

+
l’HkT LHkT kaT

-1
xTLgm

S )\max(MkT) - )\max(YthT) <e

for all x € S, as desired.

Runtime. Each while loop iteration eliminates at least
K(|E(Hy)|)/8 edges from Hj, in expectation. By Azuma’s
Inequality, this means that there are at most

O((logn) max 2z/K(z))

z<|E(G)|
iterations with high probability. Each iteration samples one
spanning tree, calls the oracle once, and does a linear amount
of additional work, yielding the desired runtime. [ |

function SrLowOracLE(],S)
Input: A graph I and a subspace S C RV ()
Output: A set Z of edges satisfying the steady oracle
definition
Return all edges e € E(]) with max,es

2dim(S)
[E(D)] .
end function

(z"LTb.)?
Te (zTL;r:c) -

A. Slow Oracle and Proof of Existence

In this section, we prove Theorem 1.2 by exhibiting a
(2,1)-steady oracle SlowOracle(Il,S). The oracle just
returns all edges in the bottom half by maximum energy
fraction:

To lower bound the number of edges added to Z, we use
the following result and Markov’s Inequality:

Proposition IIL.9.

(z"L7by)?

I gim(S
T )

feE(I)

Proof:
Let Y7 be a V(I) x dim(S)-matrix consisting of a basis
(yi)d, for S with yI'LTy; = 0 for all i # j € [dim(S)]
and y! LT y; = 1 for all i € [dim(S)]. By Proposition IIL6,

T+ T+
Z ax (athLI+ch)2 _ Z by L7Y1Y) Lyby
p T71+
seB) €s ry(zT L z) P ¥
Tr+vvT T+
C Y e (T
) i
+ Tr+p 31T
- Z trace (LI Yi¥y Ly bfbf)
feE() i
= trace(L] YY)
d
= ZylrL?_yi
i=1
= dim(S)
as desired. |

Now, we prove Theorem 1.2:
Proof of Theorem 1.2:

By Lemma IIL.3, it suffices to show that SlowOracle
is a (2,1)-steady oracle.

Size of Z. By Markov’s Inequality and Proposition II1.9,
12| > |E(1)] /2.

Leverage score stability. We are only interested in ¢ = 0,
for which the “Leverage score” input condition immediately
implies the “Leverage score stability” guarantee.



Martingale change stability. We are only interested in
1 = 0. The return statement specifies the “Martingale change
stability” guarantee for p = 2. ]

IV. FAST ORACLE

In this section, we give a (O(log®n),Q(z/log?n))-
steady oracle FastOracle that proves Theorem 1.3 when
plugged into SubspaceSparsifier. To do this, we use
localization [SRS17] to find a set of edges whose leverage
scores and martingale changes do not change much over
time. We use sketching and Lemma 1.4 to find these edges
efficiently. This section can be described using the flexible
function framework given in [Schl7], but we give a self-
contained treatment here.

A. Efficient Identification of Low-Change Edges

FastOracle needs to find a large collection of edges
whose electrical energies do not change over the course
of many iterations. This collection exists by the following
result:

Theorem IV.1 (Theorem 1 of [SRS17]). Let I be a graph.
Then for any vector w € REMD),

b2 L} by
2wy NG
e,fEE(I) eV/Ti

f()}" some constant Cipcql-

< Cl()cal(10g2 n) | |U)| |§

Plugging in w « 17 () shows that at least half of the edges
e € E(I),

3 [be L by

< 2Cocal 10g2 n
repy VeV

We decrease this bound by subsampling the edges in [ to
obtain Z. To identify the edges with low sum, we use matrix
sketching (for example, [Ind06]).

1) Approximation of Column Norms: Consider a graph
I and a set W C E(I). We can obtain multiplicative

L o [bI LT by
.appI'OXIII:IEitIOIlS. the ql%antltles > few \/C\I/ﬁ foralle ¢ W
in near-linear time using ¢;-sketching [Ind06]. However, we

actually need to multiplicatively approximate the quantities
[be Ly by

> JEW e Viegr - In particular, we need to estimate the
: : I b
£, norm of the rows of the matrix M with M,y := \/C\I/ﬁ

with the diagonal left out. To do this, we tile the matrix as
described in Section 11.3.2 of [Sch17]:

e Do O(logn) times:
— Pick a random balanced partition (Wy, W7) of W

— For each e € W,, approximate a. <
T Loy . .
d ez e using sketching
o For each e € W, average the a.s together and scale up
the average by a factor of 4 to obtain an estimate for
|bg L7 by |
Do fteeW Jroir

The expected contribution of each off-diagonal entry is
1, while no diagonal entry can contribute. After O(logn)
trials, the averages concentrate by Chernoff bounds and a
union bound. We use this construction to prove the following
result:

Proposition IV.2. There is a near-linear time algorithm
(ae)ecw < ColumnApx(I, W) that takes a graph I and a
set of edges W C E(I) and returns estimates a. for which

TL+
ae/2§ Z |be Ibf‘

De 21071 < 34, /2
rheew VTeVTi

foralle e W.

For a full proof of this proposition, see the full version.
2) Construction of Concentrated Edges: Now, we sub-
sample localized sets:

Proposition IV.3. Given a graph I and v € (0, 1), there is
a set of edges W C E(I) with two properties:
(s W1z GAED]
bT LT,
o (Value) For all e € W, Zf?éeew \/ﬁ\l/ﬁ

e € W, where o := 1000106“17(10g2 n)

Furthermore, there is an O(|E(I)|/~)-expected time al-
gorithm Subsample(I,~) that produces W.

< for all

1: function SuBsampLE(], )

2: while W does not satisfy Proposition IV.3 do

3 Wy <+ random subset of F(I), with each edge
of e € E(I) included i.i.d. with probability 2

4: (Ge)eew, ¢ ColumnApx (I, W)

5: W < set of edges e € Wy with a. < /2
6: end while

7: Return W

8:

end function

To show that this algorithm works, we just need to show
that this while loop condition is met with probability at least
Q(v) during each iteration. The crux of the proof is the
birthday paradox. Since edges are selected for inclusion in
Wy independently and the sum that a. estimates is over
edges f not including e, the expectation of a. for Wy is a
27 factor smaller than the expectation of a. for W, which
is at most O(log® n) for a large fraction of edges in W by
Theorem IV.1. For a full proof of Proposition IV.3, see the
full version.

B. FastOracle

We now implement the (©(log®n), ©(z/log® n))-steady
oracle FastOracle. It starts by finding a set W guaranteed
by Proposition IV.3 with v = ©(1/log®n). It then further
restricts W down to the set of edges satisfying “Martingale
change stability” for Iy and returns that set. By Sherman-
Morrision, the “Value” guarantee of Proposition IV.3 ensures




that these edges continue to satisfy the “Martingale change
stability” guarantee even after conditioning on edges in Z.

1: function FastOrRACLE(],S)

Input: a graph I with leverage scores in
[3/16,13/16] and a subspace S C V(I) with § :=
RS x 0V for some S C V/(I)

3: Output: a set Z C E(I) satisfying the steady oracle
guarantees
4: W  +  Subsample(I,7),
1/(10000¢i0ca (log® 1))
{veteer) < Diffapx(l,S,1/4,1/m®)
return all e € W for which v, < %
6: end function

»

where =

W

To ensure that DiffApx is applicable, note the following
equivalence to what its approximating and the quantity in the
“Martingale change stability” guarantee:

Proposition IV.4.

Tr+
max (.TTLEbf)Q _ b?LEbf B bfLH/Sbf
werS (2T L x) Tf Ty

Proof: See full version.
|
To analyze FastOracle, we start by showing that
any set of localized edges remains localized under random
edge modifications. The main tool behind the proof is the
Sherman-Morrision rank 1 update formula. For a full proof,
see the full version:

Proposition IV.5. Consider a graph I and a set of edges
Z C E(I) that satisfy the following two initial conditions:

e (Initial leverage scores) levy(e) € [3/16,13/16] for
all e € Z.

.. b . bTL+b
o (Initial localization) y ;. b Lrbs|

W STforalleEZ,

_ 1
where T = 15555 Togn*

Sample a sequence of minors {Ii,} >0 of I and sets Z;, C
E(Iy) by letting Iy := I and for each k > 0, sampling a
uniformly random edge ey, € Zy, letting I1 < Ix\ex or
Iy11 < Iy /ey, arbitrarily, and letting Zy 11 < Zi\ex. Then
with probability at least 1 — 1/n?, the following occurs for
all i:

o (All leverage scores) levy, (e) € [1/8,7/8] for all e €

Zy.
’ o lbe Ly bsl _
o (All localization) Zfezk,f;ée Wijﬁ <71’ foralle €
Zy, where 7' = 271.

Now, we prove Theorem 1.3. By Lemma IIL.3, it suffices
to show that FastOracle is a (O(log® n), Q(z/log® n)))-
steady oracle with runtime O(|E(I)|). The “Size of Z”
guarantee follows from Proposition II1.9 and Markov’s In-
equality. Proposition IV.5 applies because of the “Leverage

scores” condition for steady oracles and the “Value” guaran-
tee applied to W. The “Leverage score stability” guarantee
of steady oracles follows from the output conditions of
Proposition IV.5, while the “Martingale change stability”
guarantee follows from applications of Sherman-Morrison
that exploit the “All localization” guarantee. See the full
version for a full proof of Theorem 1.3.
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